An incidence coloring of graph G is a coloring of its incidences in which neighborly incidences are assigned different colors. In this paper, the incidence coloring of outerplanar graphs is discussed using the techniques of exchanging colors and the double inductions from the aspect of configuration property. Results show that there exists a (D + 2,2)-incidence coloring in every outerplanar graph, where D is the maximum degree of outerplanar graph.
Introduction
The concept of incidence coloring was introduced by Brualdi and Massey in 1993 [1] . Let G = (V, E) be a multigraph of order p and size q, I(G) = {(v, e)jv 2 V,e 2 E and v is incident with e} be the set of incidences of G. We say that two incidences (v, e) and (w, f) are neighborly if one of the following conditions holds:
(ii) e = f; (iii) the edge vw equals e or f.
An incidence coloring of graph G is a coloring of its incidences in which neighborly incidences are assigned different colors. The incidence chromatic number of G, denoted by v i (G), is the smallest number k of colors such that there exists a k-incidence coloring in G. Brualdi and Massey [1] determined the incidence chromatic numbers of trees, complete graphs and complete bipartite graphs, and put forward the incidence coloring conjecture (ICC). They supposed that the incidence chromatic number v i (G) is always less than or equal to the maximum degree of the graph plus 2. Guiduli [2] found that the incidence coloring is a special case of directed star arboricity introduced by Algor and Alon [3] , and he also proved that ICC is incorrect. Moreover, according to a tight upper bound for directed star arboricity, Guiduli gave an upper bound for incidence chromatic number, v i (G) 6 D + O(log D). Although ICC has been proved incorrect, how to determine the incidence chromatic number of graph is fascinating. Chen et al. [4] determined the incidence chromatic numbers of paths, cycles, fans, wheels, adding-edge wheels and complete 3-partite graphs. Then, the incidence chromatic numbers of many types of graphs were determined [5] [6] [7] [8] . Later, Shiu and Sun [9] gave a counter example to show that outerplanar graph of D = 4 is not 5-incidence colorable. This contradicts the incidence chromatic number of outerplanar graphs proved in Ref. [10] . This contradiction results from using the following Statement 1 several times which, however, is incorrect in the proof of the incidence chromatic number of outerplanar graphs [10] . Thus, the proof of the incidence chromatic number of outerplanar graphs should be void and the problem of determining the incidence chromatic number of 2-connected outerplanar graphs is still open. In this paper, the incidence coloring of outerplanar graphs is discussed using the techniques of exchanging colors and the double inductions from the aspect of configuration property. Results show that there exists a (D + 2,2)-incidence coloring in every outerplanar graph, where D is the maximum degree of outerplanar graph.
Lemmas and notations
In this study, we always limit to finite, simple, and undirected graphs. In a given graph G, the vertex of degree k is called k-vertex. p(G), q(G), D(G), and N G (v) denote the order, the size, the maximum degree and the set of vertices adjacent to v of G, respectively, and p, q, D, N(v) for short, respectively. For simplicity, we denote the set of all the incidences of the form (u, uv) and (v, vu) of G by A v (G) and I v (G) (abbreviated as A v and I v ), respectively, where u is an adjacent-vertex of v. Let r be a k-incidence coloring of G. We denote by r(uv) the ordered pair (r(u, uv), r(v, vu)) of two colors r(u, uv), r(v, vu), and F r (u, uv) the unavailable color set for the incidence (u, uv) in r, namely,
, jr(A v )j 6 l, then we call r a (k, l)-incidence coloring of G. The terms and notations not stated here can be found in Ref. [12] .
In addition, we need the following lemmas to obtain the main results. Lemma 1. Each 2-connected graph is 2-edge-connected.
Proof. (disproof) Suppose that G is 2-connected but not 2-edge-connected. Then there exists an edge e = uv in G such that G À e is disconnected. Thus G À u is also disconnected. That is to say, u is a cut-vertex of G. This contradicts that G is 2-connected graph. The proof is completed. h Let G = (V, E) be a planar graph. If $v 2 V(G) such that G À v is a forest, then we call G 1-tree graph. We denote by S p the graph with p vertices u, v, x 1 , x 2 , Á Á Á , x pÀ2 and 2p À 4 edges ux 1 , ux 2 , Á Á Á ux pÀ2 , vx 1 , vx 2 , Á Á Á , vx pÀ2 .
Lemma 2.
[6] Let G be a 2-edge-connected 1-tree graph of
According to Lemmas 1 and 2, we may obtain the following Lemma 3. Proof. According to Lemma 5,  
Proof. Let v be a maximum degree-vertex of G. Let G * = G À v. By the 2-connectivity of G, G * is also connected. According to Lemma 7, q 
Main results and proofs
In the following proofs, we always assume that the graphs are 2-connected.
Proof. Let v be a maximum degree-vertex of G. Since G is 2-connected, G * = G À {v} is also connected. According to the known condition that q(G) = 2D À 1, we obtain that
By the definition of tree, G * is a tree. Again according to the construction of G * , G is a 1-tree graph. The conclusion holds by Lemma 4 if G 6 ¼ S p and by Lemma 3 if G ¼ S p . h Theorem 2. Let G be an outerplanar graph of D(G) = 4. Then G admits a (6, 2)-incidence coloring.
Proof. We proceed the induction on the order p(G) of G. Let C = {1, 2, 3, 4, 5, 6}. When p(G) = 5, G admits a (6, 2)-incidence coloring by the method of enumerating. We suppose that each outerplanar graph of p(G) < p(p P 6) admits a (6, 2)-incidence coloring. Now we consider the incidence coloring of outerplanar graphs of p(G) = p. By Lemma 9, we may divide the proof into four cases as follows. Case 1. There exist two neighborly 2-vertices u and v.
Obviously G * is a 2-connected outerplanar graph of D(G * ) = 4 and p(G * ) < p. According to the induction hypothesis, G * admits a (6, 2)-incidence coloring r * :I(G * ) ? C. Now we extend r * to a (6, 2)-incidence coloring r:I(G) ? C of G. Let r(uu 1 ) = r * (vu 1 ). Since
, there exists at least one color available for the coloring of incidence (v, vu). Again since jF r (u, uv)j = j{r(uu 1 ), r(v, vu), r * (v, vv 1 )}j 6 4, there exists at least one color available for the coloring of incidence (u, uv). The coloring of other incidences in G is the same as r * .
Case 2. There exists a 2-vertex u adjacent to a 3-vertex v. 
Obviously G * is a 2-connected outerplanar graph of D(G * ) 6 4 and p(G * ) < p. When D(G * ) = 3, by Lemma 6, G * admits a (6, 2)-incidence coloring r * :I(G * ) ? C. When D(G * ) = 4, according to the induction hypothesis, G * admits a (6, 2)-incidence coloring r * :I(G * ) ? C. Now we extend r * to a (6, 2)-incidence coloring r:I(G) ? C of G. Let r(u, uv) = r * (w, wv), and r(u, uw) = r * (v, vw). Since jF r (v, vu)j = jI v (G * ) [ A v (G * )j 6 5, there exists at least one color available for the coloring of incidence (v, vu). Again since jF r (w, wu)j = jI w (G * ) [ A w (G * )j 6 5, there exists at least one color available for the coloring of incidence (w, wu). The coloring of other incidences in G is the same as r * .
Case 4. There exist two non-neighborly 2-vertices u and v adjacent to a 4-vertex w. Let N(w) = {u, v, w 1 , w 2 }, uw 1 , vw 2 , w 1 w 2 2 E(G). Let G * = G À {u}. Since G is 2-connected, we only need to consider the following two cases.
Case 4.1. Both w 1 and w 2 are 3-vertices. We may give a (6, 2)-incidence coloring by the method of enumerating.
Case 4.2 Both w 1 and w 2 are 4-vertices. Obviously G * is a 2-connected outerplanar graph of D(G * ) = 4 and p(G * ) < p. By the induction hypothesis, G * admits a (6, 2)-incidence coloring r * :I(G * ) ? C. Now we extend r * to a (6, 2)-incidence coloring r:I(G) ? C of G. Let r(u, uw 1 ) = r * (w, ww 1 ), r(u, uw) = r * (w 1 , w 1 w). Since jF r ðw 1 ; w 1 uÞj ¼ jI w 1 ðG Ã Þ[ A w 1 ðG Ã Þj 6 5, there exists at least one color available for the coloring of incidence (w 1 , w 1 u). Again since jF r (w, wu)j = jI w (G * ) [ A w (G * )j 6 5, there exists at least one color available for the coloring of incidence (w, wu). The coloring of other incidences in G is the same as r * .
From the above mentioned, we obtain that the outerplanar graph G of D(G) = 4 admits a (6, 2)-incidence coloring. h
